One of the key features of wavelet analysis is its ability to decompose non-stationary signals according to time and scale. In this work, we use discrete wavelets to analyze the in uence of detrending techniques on the time-scale information structure of daily nancial data. We examine the use of log returns, a linear trend and the HodrickPrescott (HP) lter. Quantitative measurements of information distortion are given using the mean-squared error (MSE) and correlation of the wavelet coe cients between the detrended and original data. We nd that log returns and linear detrending are most distortional. We also conclude that the HP-lter is most e ective, depending on appropriate selection of the lter parameter, , which is O(10 11 ) for the given data set.
Support and Resolution
Selection of a suitable detrending method is an important issue in the analysis of nancial time series for characterization and forecasting. Commonly, spectralbased methods are used to evaluate the e ect of detrending on data structure. These techniques are derived from the Fourier decomposition of a given time series into a linear combination of cosine functions which have in nite support. Such functions cannot su ciently represent highly localized or eeting phenomena. These techniques will thus have de ciencies in handling highly volatile data, such as daily stock market data. For example, in examination of local shock structures that often signify nancial turning points, it is not possible to discern what time-scale structure is preserved based on time or Fourier analysis alone. In this work, we present a wavelet transform analysis to investigate the e ect of detrending on the time-scale structure of nancial time series data. The daily Nikkei Index data, plotted in gure 1, will be used as a representative example.
Detrending
We will use three techniques for detrending the index, P t , for t = 0; :::; N. Firstly, we examine the log return lter which is the rst-di erenced log data given by R t = ln P t P t?1 ; t = 1; :::; N: where > 0 is a user-de ned parameter. There has been much debate over the appropriate value of when changing the frequency of data from quarterly observations, where = 1600 is standard. 1 We also note that as ! 1, t tends to a linear trend.
Wavelets in Brief
The discrete wavelet transform is a two dimensional decomposition of a time series that is speci cally designed to detect local characteristics. The two-dimensionality yields time and scale information as a result of the compact support of the analysis' basis functions in both time and frequency.
Consider a general function, f(t), we wish to expand in terms of these basis functions. In our multiresolution approximation, the basis function family consists of the dilates and translates of a scaling function, (t), and a mother wavelet, (t),
given by m;k = 2 m=2 (2 m t ? k) and m;k = 2 m=2 (2 m t ? k) respectively. The
Wavelet Analysis of Detrending 3 scaling function satis es R (t)dt = 1 and the mother wavelet R (t)dt = 0, the latter of which ensures the oscillatory nature of the mother wavelet, although in general we also restrict its compact support. The scaling functions account for the low frequency trend components. The mother wavelets account for the highfrequency, smaller-scale features which represent the deviations from the trend.
We Daubechies gives an excellent coverage of wavelet theory, including examples for and , in her book. 2 We adopt the Daubechies wavelet with four vanishing moments for this analysis. We extend the data by mirroring at the boundary, but do not discuss further such ideas involved in reducing the wrap-around problems common in this type of analysis when dealing with non-stationary data. 
Wavelet Methodology for Filtering
When ltering a time series for analysis, our intention is to remove the long term components or trend. Combining this with our ideas from above, this corresponds to the removal of the S m0 coe cients. Reconstructing a given time series from selected coe cients (the detail coe cients for detrending) is now commonplace but here we will use the wavelet transform to examine and compare the e ect of the popular detrending techniques introduced in section 2.
In this context, the desired lter is that which leaves all the detail coe cients unchanged from the wavelet analysis of the original log data, but renders the S m0 coe cients equal to zero. We will thus calculate the MSE of the wavelet transform coe cients of the detrended time series relative to those from the desired outcome.
We calculate both the total MSE for all N wavelet coe cients and also the scaleby-scale MSE and correlation to look at the local behaviour of the techniques.
a An additional reference is given concerning wavelets and economics for the interested reader. 3 Calculating the MSE assumes that the coe cients carry equal weight which is a consequence of the degeneracy of the basis functions.
Results and Discussion
Calculations are made using the data set shown in gure 1, for which the total MSEs are summarized in table 1. We nd that a value of O (10 11 ) for in the HP-lter, to the nearest power of ten, yields a minimal MSE for the wavelet coe cients of the detrended time series. Locally, from the scale-by-scale MSE and correlation we make a number of observations. It is clear from these measurements that log returns lose the most structure. We nd only signi cant retention of information at the two smallest scales. In contrast, although the overall MSE is similar for the HP-lter with = 10 3 to 10 9 , at the smallest scales we have better correlation and lower local MSEs. As tends to in nity, which corresponds to a linear trend, we see that the total MSE increases. In local terms we see that the MSE and correlation improve at lower scales and progressively, as increases, this extends to higher scales. Opposing this improvement is the e ect on the S m0 coe cients of t approaching the linear trend. With linear detrending we nd the best preservation of details in local terms. However, the remaining trend is a distorted version of the original and this distortion dominates. 
Conclusion
Three commonly used detrending methods are examined using discrete wavelet analysis. These include log return and linear trend ltering which are shown to be most distortional. Log returns lose signi cant information and linear detrending distorts information in the form of the original trend. The HP-lter is best with the optimal found to be O(10 11 ) for the daily Nikkei Index data. We also nd our results robust to the choice of a number of other wavelets of di erent support.
